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Abstract 
The fractal percolation process, which generates random subsets of the unit square, is 
investigated in the super-critical (percolating) regime. It is found, with probability one, that all 
crossing paths in the limiting set are non-rectifiable and in fact have a dimension in excess of 
unity. 
Keq’words: Percolation; Fractals; Random media; Mandelbrot percolation; Holder 
exponents 
1. Introductory remarks 
The fractal percolation process was introduced in Mandelbrot (1974, 1983) and, as 
a percolation problem, has been studied by rigorous methods for nearly ten years. 
Since these models are well known, and adequately described in a number of places 
(e.g. Chayes, to appear; Dekking and Meester, 1990) let us be content with only the 
briefest, informal description of the basic process. Let N 3 2 denote an integer and let 
Q E [0, 11. Starting on the unit square, [0, l]“, the random set AI c [0, 11’ is 
generated by dividing [0, 112 into IV2 equal-sized disjoint smaller squares and retain- 
ing or discarding these squares independently with probability Q and (1 - Q), respec- 
tively. The union of the closure of these retained squares is the set AI. The set 
A2 c Al is obtained by repeating this procedure on all the retained squares of Al and 
similarly Ak + 1 c Ak is obtained by reenacting the above on all the surviving squares 
(currently of scale Kk) of &. The limiting set, denoted by A,, is the infinite 
intersection of the (&). This model is indeed “fractal” in the sense that if A,, is 
non-empty, there is a sharp Hausdorff dimension that ranges between 0 and 2 as the 
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parameter Q is varied’ and this set has a manifest (statistical) self-similarity. A host of 
generalizations of the basic model have been studied including the N x N random 
matrix substitutions (Dekking and Meester, 1990) fractal percolation in more than two 
dimensions (Chayes et al., 1991; Falconer and Grimmett, 1991; Orzechowski, 1995) and 
the aerogel models (Machta, 1991; Chayes et al., 1993; Chayes and Machta, 1995). 
In the basic two-dimensional model, the connectivity properties of the limiting set 
change dramatically with Q: For 0 < Q < l/N’, with probability one, A, is void. For 
Q between (and including) some non-trivial Qc and one, A, “percolates” in the sense, 
e.g., that Ak has a component connecting the left and right sides of [0, 11’ with 
a uniformly positive probability. Finally, for l/N2 < Q < Qc, the sets A,, when 
non-empty, are totally disconnected with probability one (Chayes et al., 1988; see also 
Dekking and Meester, 1990; Chayes, to appear). 
This paper focuses on the percolative regime Qc 6 Q < 1 and the following ques- 
tion is addressed: Suppose that Ak indeed possesses a left-right crossing. Let ek denote 
the minimum number of squares (of side Nek) in Ak that have to be used in order to 
connect the left and right sides of the square. (Precise definitions of the relevant 
notions of connected will be presented in the following subsection.) Clearly, under the 
stated condition, Nk < /k d N2k. The question of interest is whether the /k exhibit any 
scaling, e.g. tk - Nk’l+i) for some c > 0. 
On the one hand, it can be argued that for any Q E [Qc, 1) the fractal percolation 
process is prototypical of percolation-type models at criticality. On this basis, one 
may relate { to a “chemical distance exponent” and hence it is anticipated that [ > 0. 
On the other hand, if the A, exhibit NE-oriented crossings of [0, 11” (paths that move 
only up and to the right) with uniformly positive probability, then [ is obviously zero. 
The upshot of this work is that at least in this sense, the first perspective is correct. 
Indeed, it turns out that for any Q < 1, no form of directed percolation occurs in this 
model (Chayes, 1995) whereas one formulation of the principal result of this paper is 
the statement that directed percolation is necessary and sufficient for [ = 0. Thus, in 
particular, throughout the percolative regime, there is a c(Q) such that with probabil- 
ity tending rapidly to one, ek 3 N k(lfc) An immediate consequence is that with . 
probability one, no path in A, can have a Holder exponent in excess of [l + []- ‘. 
Organization: This paper is organized along the following lines: In Section 2, most 
of the working notation and relevant definitions will be spelled out. In Section 3, 
a finite-size scaling criterion for a phase with long crossings is established. In 
particular, it is shown that if for some k, with an appreciable probability, ekNmk 
exceeds a threshold value (where the /, actually pertains to 3 x 1 rectangles) then, with 
probability tending to one, the length of all such crossings scales to infinity with 
a power law bound of the type discussed. Of course this statement is also correct if 
Q < Qc and there are no crossings in A, and, as it turns out, the proof does not 
’ For N’Q > 1, the anticipated formula for the Hausdorff dimension is d,, = 2 - /log Q//l log N 1. This type 
of result was first established for some related models in Kahane and Peyrier (1976). (The necessary 
translation to the particular model at hand was provided in Chayes et al. (1988)) The above explicit result 
was first obtained in Hawkes (1981) see also Lyons (1990), using an elegant method well suited to the 
problem at hand. The dimension function, which is non-trivial, was obtained in Graff et al. (1988). 
L. ChayeslStochastic Processes and their Applications 61 (19961 25-43 27 
distinguish this case. Thus, the finite-size scaling criterion is impractical e.g. for use in 
a computation-based proof. However, in Section 4, a more intricate (and somewhat 
more existential) criterion is introduced. The alternative criterion is difficult to explain 
but, in the central result of this section (Lemma 2) it is shown that the alternative 
criterion implies, in general, that the length of crossings ~ if any - tends to infinity and, 
in particular, that the less elusive criterion of Section 3 holds. From a conceptual 
standpoint, the alternative criterion seems nearly unmanageable. However, in the 
Appendix, the above-mentioned criterion is shown to be satisfied whenever the 
probability of observing a stiff crossing in Ak tends to zero. Evidently, according to 
Chayes (1995), this is non-trivial in all of [Qc, 1). 
Thus, the logical flow is as follows: On the basis of Chayes (1995), for all Q < 1, the 
probability of a directed crossing in Ak tends to zero as k + cc. In particular, this is 
true within the percolation regime (Q 3 Qc) where other sorts of connections occur 
with uniformly positive probability. The absence of directed percolation feeds into 
Lemma 2 which, among other things, tells us that for all Q < 1, there are no rectifiable 
crossings in the limiting set. More importantly, this implies that the finite-size scaling 
criterion of Section 2 is satisfied and hence, for all Q E [Qc, l), there are crossings in the 
Ak with uniformly positive probability and, given their presence, they use at least 
Nk(lfi) squares of Ak with probability tending rapidly to one. The latter implies e.g. 
that the (box-counting) dimension of any crossing in the limiting set is at least 1 + i. 
2. Notation and definitions 
The sets & generated by the above process - hereafter referred to as the fractal 
percolation process - were described as subsets of the unit square. They may also, in 
a natural way, be regarded as subsets of the Nk x Nk-sized square blocks in Z2. These 
Nk x Nk squares will be denoted by /Ik and the configuration space of all possible 
subsets of nk, i.e. (0, l}“,, will be denoted by Qk. If C c ilk, the number of sites in 
C will be denoted by ( C I. Paths in & or & will follow the usual lattice conventions; if 
(x, y) E 2’ then (x’, y’) e Z2 is a neighbor of (x, y) if Jx - x’[ + Iy - y’l = 1. A self- 
avoiding path is defined as a sequence of distinct points such that, with the obvious 
provisos for the terminal points, each point is a neighbor of its successor and 
predecessor and no other point in the path. (Thus, identifying the sites of & as square 
tiles, by this definition, a self-avoiding path is also non-self-touching.) A connected 
cluster in (Ik is a subset of & such that each pair of points in the cluster is connected 
by a self-avoiding path that lies entirely within the cluster. The length of the path is 
defined to be the number of sites in the path. When the quantity k is clear from the 
context, the term resealed length will be used, informally, to denote the length of the 
path times Nek. 
It is noted that two subsets of a configuration & may in fact be connected (in A&,) in 
the sense of lR2 but not in the above-described manner; i.e. the connection takes place 
through a corner. However, it is easily seen that these weaker connections will, with 
probability one, disconnect after further iterations of the process; the above described 
is the correct definition of connected for the problem at hand. Other notions of 
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connectedness in 2’ that turn out to be important for technical reasons will be 
introduced as necessary. 
In this paper, the analysis is facilitated by investigating the properties of multiple 
copies of the fractal percolation process. In particular, consider the process on 
[0, m] x [0, l] obtained by the placement of m independent realizations of the usual 
process placed side by side. The symbol Al”” will be used to denote a typical 
configuration of this m-plicated process and aim’ the set of all such configurations. 
When the need arises to discuss the rectangular analogs of the microscopic lattices & 
these objects will be denoted by /ir’ . For most purposes, m = 2 or 3 will be sufficient. 
In all cases, the notation Pa(-) will be used for probabilities with the value of m and 
N to be understood from the context. 
3. A criterion for (’ > 0 
In this section, the promised finite-size criterion is presented. Let I/ > 1 and 
consider the event Yi”‘( V), defined at the kth level of the process, that any short-way 
crossing of the 3 x 1 lattice is longer than VNk. 
S?‘(V) = { AL3’l Any connected path in @’ starting on the top line of 
A?’ (y = Nk) and ending on the bottom line (y = 1) 
of Ai”’ consists of at least I/N“ sites). (1) 
Observe that the event Yk3’(V) is defined to have occurred in configurations where 
there is no connection whatsoever between the top and bottom of A?‘. The criterion is 
as follows: 
Proposition 1. There are constants B and E such that if for any kO, 
P&F_:;‘(B)] > 1 - s, 
then there is an M > 0 and finite constants a, K, G and g such that for all k 
PQ[Yf)(aMk)] > 1 - Ke-GN”“‘“, 
Remark. There is, of course, some interplay between the values of B and E that are 
sufficient to establish Proposition 1. As will emerge in the course of the proof, the 
smallest value of B for which these techniques apply is B = 4 but this would, in 
essence, require that E vanish. the proposition is most easily proved under the 
conditions E 4 1, k0 $ 1 and Bk(q)‘, hence, for ease of exposition, it will initially be 
assumed that this is the case. At the end of the proof, it will be demonstrated that these 
more favorable conditions are achieved by starting from any B’ and E’ for which e.g. 
B’ > 2(4)3 and E’ is not unreasonably small. 
Proof of Proposition 1. As per the above remark, it will be assumed that k0 is large and 
that E is small, as later needs will dictate, and that B > ($)‘. The result will be 
established by demonstrating that two somewhat different types of bounds may be 
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obtained as the system is examined on finer scales. These bounds will then be used in 
tandem to demonstrate the stated claims. Both bounds start with the hypothesis that 
at the n&h level, with probability exceeding 1 - a,, there is no crossing of length 
shorter than Nnko V, and they both involve the augmentation of k. additional scales 
into the stochastic-geometric picture of the crossings of [0,3] x [0, 11. 
The consequence of the first bound is that without significant cost to the probabilis- 
tic estimate, the resealed lengths of the crossings in n$i f)kO are increased, by a multi- 
plicative factor, over those observed in A$:. The second bound plays the opposite 
role: here, as we adjoin the new scales, some leeway is allowed in the length of the path 
- in fact, the estimate on the resealed length actually decreases - however, a significant 
improvement is obtained in the probabilistic estimate. 
A precise statement of the first bound is that if k,, is sufficiently large and E suffi- 
ciently small, there is a constant d with $$(l - d) > 1 and numbers w, with 
w, < exp - (sN”~o} for some s > 0 such that if 
then 
PQ[~~,%l)k,(%~(1 - d)J',Jl > (1 - E,)(l - ‘3,). (3) 
Let us start with an examination of the lattice at the nk,th stage - i.e. &i. By the 
time k,-, additional scales are introduced, each “site” in &i that is retained will house 
a realization of i&,. To keep the action in these last k. and in the first nko scales 
completely uncoupled, let us dispense a realization of AkO to all “sites” of ,4$: regard- 
less of whether or not they were retained in the first nk, stages of the process. Let 
x denote one of these sites and consider, for x away from the boundary, the eight 
immediately surrounding sites that form an annulus with x at the center (see Fig. l(a)). 
Let Xk,;x(V) denote the event that after the k. iterations have been performed, on the 
basis of the vacancies in these iterations alone, there is no path of length shorter than 
VNko connecting the inner and outer ring of this annulus. The annulus may also be 
thought of as arenas for four non-disjoint configurations that are statistically equiva- 
lent to the configurations A::‘. As such, it is clear that the intersection of the four 
corresponding versions of the event J o “L”‘(V) implies the event &‘k,;x(V). (Any path 
going from the outer ring to the inner ring of the annulus is forced to cross the 3 x 1 
rectangle where the path originated.) If the site 3 happens to be on the boundary or in 
the corner of ,4X:, the event Xk,;x(V) is defined accordingly - for paths that stay 
inside Ai:: and the above discussion may be applied with “four” replaced by “three” or 
“two”. Thus, for any x, it is seen that PQ [sC’~,;~(B)] > 1 - 4~. Sites x E A$, for which 
the event 3(i&;x(B) have occurred will be referred to as having been sealed. 
(3) Let us now suppose that ACn+ijk, is a configuration that contains a path will 
generically be denoted by c. If c intersects the NkO x Nko block that on the scale of nko 
iterations was designated as the site x, let us say that the path c has visited the site x_. 
Typically, if the site 6 is visited by the path c then c must make at least two 
independent runs across the annulus surrounding 5. (The exceptional cases are annuli 
near the termini of the path where only one run may be required.) Thus (except near 
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the endpoints) if c visits the site x, it exposes a length of at least 2BNko steps of path. Of 
course (even ignoring the provisos about the endpoints) it is not valid to estimate the 
length of the path by (2BNk0) x (#of sealed sites visited) because this could easily 
result in an overcounting: For example, consider any portion of the path that connects 
a pair of sealed sites with overlapping annuli. For this reason and for the additional 
reason of keeping the relevant sealing events independent, let us divide A,$: into nine 
independent sublattices, labeled @-@), as shown in Fig. l(b). Thus, if C(c) denotes the 
collection of (Nkn x NkO-sized) sites visited by c and ICI denotes the number of such 
sites, as least $ ICI of these visitations must take place on at least one of the nine 
sublattices. 
Let us classify the path c as being of type-m if C(c) has more sites on the mth 
sublattice than on any of the others. (In case of a tie, preference is given e.g. to the 
sublattice with the lowest label.) If c is an m-type path, and f E [0, 11, the path c will be 
designated as f-sealed if a fraction exceeding (1 -f) of the sites visited by c on the mth 
sublattice are sealed. Needless to say, it is possible to consider the event that any 
cluster in n$l, IS f-sealed regardless of whether or not it is supposed to contain an 
underlying path on the level of ni,“i i)k,. 
Observing that the sealing events within one sublattice are independent, the 
probability of an f-seal may be computed, or estimated, using binomial statistics. In 
particular, let y(lc,f; M) denote the tail above fraction (1 -f) for the binomial 
distribution of M objects which are selected with probability K: 
for the purposes of this proposition, it is sufficient to use the crude bound 
4 (K f. M) 6 dM 2”. From the above it is clear that for any fixed f, if .s is small enough, 9 1 
the probability that any given path c is f-sealed tends to one exponentially fast in 
1 C(c)1 and that furthermore the rate increases like llog 81 as E -+ 0. 
Next consider the event, here defined below the nk,th level, that all clusters 
exceeding a certain size are f-sealed: 
%,,(R,f, k,) = {o E (Qko)nb:b ) all connected clusters in A!,“,: 
x larger than R are f-sealed}. (5) 
Using the estimates on the sealing events discussed above, it is clear that 
(6) 
where h/1;;,: (Y) is the number of clusters of size r on the lattice n$,. This latter quantity 
is bounded above by ) A!,“,: ( A/ (J-) where N(r) is the number of connected clusters of 
size r on 2’ that contain the origin. As is well known, the latter grows, to leading order 
like ear for some finite constant cc Hence for a small enough and/or f large enough so 
that 7(4~,f) > 9a, the analog of the sum in Eq. (6), with Ld$a(r) replaced by 
JnL:d ) ,V (r) and no upper limit on r, is convergent. However for now we will be content 
with somewhat cruder estimates. 
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Let us now see to the details of picking the constants. Define f to be any number 
such that $g(l -f) > 1. Suppose that E is a number small enough so that 
2 [4slJe”” < 1 and, finally, that k. has been chosen (at least) large enough so that the 
following two properties hold: 
(i) $ @(l -f)(l - 9N-ko) = 3 fi(l - d) > 1 and 
(ii) for all n 3 1, the sum in Eq. (6) with JQ; (r) replaced by 1 A,$: 1 JV (r) (and hence 
no upper limit on r) and the quantity ~(4s,f; r/9) replaced by (2[4~]~)“~ starting at any 
R 3 Nko is bounded above by exp { -sR} with s > 0 and, for future use, 
exp( - sNko} < $6. 
Now consider the simultaneous occurrence of the events Y,,( V, Nnko,f; k,) and 
S,$’ I/ ,( n). First it is observed that these events are independent because they have been 
defined at different levels of the process. Thus, Pe [g,,(V, Nnko,f; ko)n S$(V#)] > 
(1 - E,) (1 - e-“nN”” ) E (1 - s,)(l - 0,). Next, suppose that in an A$!rIk, 
E 9, (V, Nnko,fT k,) n Y$ (V,), there is a type-m path, c, of retained squares connecting 
the top and the bottom of [0,3] x [0, 11. The event S,$i(V,) requires that the path 
c undergo at least I/nNnko site visits while the event Yn(V, Nnko,f; k,) means that 
a significant fraction of these visits on the mth sublattice are visits to sealed sites. Each 
of these visits, except perhaps the first and last, requires at least two disjoint crossings 
of the associated annulus and hence reveals at least 2BNko steps of path. Under these 
circumstances, it is seen that 
JcI > BNko(+)(l -f)(2VnNnko - 2) >$B(l -d)V~N(“+l)kO 
and the first bound is established. 
(7) 
The second bound is derived in a spirit similar to that of the first, only here the 
“sites” to be sealed are on the small lattice /iii’ and each site constitutes a copy of the 
more intricate &b. For the sake of simplicity of the derivation, as many of the 
constants as possible will be borrowed from the first bound. As in the first bound 
- and for the same set of reasons - each site of Ai:’ will be allowed a separate 
realization of AL:: regardless of its status at the k,,th level. The starting point is Eq. (2). 
Then, provided that k. is sufficiently large, for all E, sufficiently small, it will be shown 
that 
where D1 and D2 are independent of E, and ko. 
Let us consider the H-seal events &&,;Jl/) defined exactly as before except that, 
here, x E A::‘. Under the hypothesis in Eq. (2), for all such x, 
~Q(yi”,k,;,(K)) B 1 - 4&Z. (9) 
A connected cluster in /iii’ may be classified as m-type according to the previous 
definition and will be called f-n-sealed if a fraction of the sites of the cluster on the 
preferred sublattice are n-sealed. The analog of the object defined in Eq. (5) is 
4”1, (R, g, nko) = {co E (anko)“? 1 all connected clusters in ,4::’ 
larger than R are g-n-sealed}. (10) 
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Whenever the event Y,,(Nko, g, nko) occurs, any top-bottom connected path in 
(3) A(,,+ r)k, has length at least as large as 
$Nnko(l - 9N-k0)(1 -f)V,Nnko = &(I - d)N(“+l)k~~. (11) 
In this case, the relevant probabilistic estimate is 
1 -Pa[Y,,(Nko,J nko)] f 1 q(4en,f, r/9)3Nzko./l”(r). (12) 
I $ NkC’ 
Replacing 17(4~,,f, r/9) by (2 [4~,,]~)“~ and using the asymptotic behavior of J’“(r) as 
described above, the desired bound described in Eq. (8) is obtained if k. is large 
enough and c, is small enough. 
To prove the actual statements of this proposition, the two bounds may be used in 
alternation (although this is, by no means, the most efficient use of these bounds). 
Given that the described events occur, after each cycle the minimum allowed length of 
the path has changed from VnNnko to [$ (1 - d)12 BN(n+2)ko = Vn+2N(n+2)k0 with 
V nt2 > V,. In particular, starting with VI = B at the k,th level of the process, and 
writing V,,,, = M 2ko V, with M > 1, under these circumstances we may say that the 
length exceeds M2”k0BN(2”+ ljko > [MNlc2”’ ljko at the (2n + 1) k,th level. If k hap- 
pens to lie between odd integer multiples of ko, e.g. (2n + l)ko < k < (2~ + 3)k,,, the 
quantity Vk = [NM] - 2k0 Mk may be used in the estimate P, [S :“I( V)] > 1 - c2,, + 1. 
Next, it must be insured that the probabilistic aspects of the scheme are all in good 
order. Supposing, then, that the starting point is cl = E. Using the second bound, 
a value c2 is obtained which, if need be, may be estimated by the quantity exp 
: -sNko} that appeared in the first bound. Thus, at a minimum, c2 < ;E. Next in line, 
s3 will be bounded according to (1 - Ed) > (1 - c2)(1 - exp j -sNko)) so that cj < $6 
and it is clear that the (E,) will never exceed the original F. These preliminary bounds 
may be run through as often as necessary - e.g. sq d (t) Nko exp { -sNko}, etc. - until 
eventually some E, is small enough for the bounds described in Eq. (8) to be useful. 
Thereafter, we are safely in the “asymptotic” regime and thus, using the bounds in 
Eq. (8), it is seen that for any G, E, d e - “““” for all n large enough provided that 
D2Nk,(r-2g) > 1. 
All of the above has hinged on B > ($‘, that E is some sufficiently small number and 
then k. sufftciently large. Since, in practice, what may be obtained is some large “B”, 
a small “E” and an undetermined value of “k”, let us quickly take the time to show that 
the operating hypotheses used above are in fact achieved under these circumstances. 
Suppose then that for some B’ > 2(;)3 and E’, a number to be described momentarily, 
Pa[3:3’(B’)] > 1 - c’. (13) 
The procedure will simply be to run through a bound of the first type without the 
benefit of a long walk on the large scale. Thus, consider the lattice A[:‘, r)k with m % 1 
and create the sealing events, using the various J k r(3) B’ for the sites of nk? as in the ( ) 
previous derivations. For convenience, the sealing fraction ‘f” will be fixed at 
4. Running through the analog of the estimate in Eq. (6) and replacing A$.v(r) by 
.fl(r), we are now in a position to specify E’: As is well known, for k <f, the quantity 
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q has the asymptotic behavior q(rc,S; M) w e-Y(K*f)M (meaning that 
limM,, [u(lc,f; A4)]iiM = e-‘) where 
(14) 
It is now stipulated that E’ is small enough that 7(4s’, $) > 9a, where, the reader will 
recall, a has been defined as the asymptotic growth rate of M(r). This is sufficient for 
the analog of the sum in Eq. (6) (with the replacement of MA:; (Y) by M(r)) to converge. 
It is not too difficult to see that, as a consequence, Po[Yzi($(l -f)B’(l - 9Wmk))] 
+ 1 as m -+ co. This sequence may be interrupted whenever the stated probability is 
small enough and mk E k0 is large enough. 0 
Corollary. If for some Q 2 Qc, the conditions in the statement of Proposition 1 hold, 
then there is a i(Q) > 0 such that if A, connects the left and right sides of [0, 11’ then, 
with conditional probability one, no left-right connecting path in A, has a Hiilder 
exponent in excess of [ 1 + i] _ ‘. 
Remark: The fact that for all Q 3 Qc, the sets A, actually contain continuous 
left-right crossing paths (with conditional probability one) was established in Meester 
(1992). (Of course in the strictest sense, the existence of these paths is not a require- 
ment for a proof of the above statement.) Notwithstanding, the forthcoming can be 
translated into an analogous statement concerning any subset of A, that connects the 
side boundaries of [0, 11’ - e.g. that any such object has a box-counting dimension 
that is not smaller than 1 + [. Needless to say, for these sorts of questions it is 
preferable to attempt complete statements, such as the existence of a sharp Hausdorff 
dimension and/or a Holder exponent for these random sets; these questions are 
currently under investigation in Chayes et al. (in progress). 
Proof. Let [ be defined by Nr = M where M was defined in the paragraph following 
that of Eq. (12). The bounds derived in Proposition 1 easily imply 
x(1 - PQ[Fi3)(aN5k]) < co (15) 
(for some a > 0). Hence, with probability one, for all but a finite number of scales, any 
left-right crossing of [0, 112 in Ak visits at least aN” +ljk sites in &. Furthermore, by 
going to one of the nine sublattices described in the proof of Proposition 1, it follows 
that (nearly) one-ninth of these sites are isolated from one another by a distance in 
excess of Nek. 
Let 9: [O, l] -+ [0, 11’ be a left-right crossing path in some configuration A,. Let 
E > 0 satisfy E < bNek*, where b = 9a-’ and k* is the first scale such that, for all 
k > k*, any connected left-right crossing of Ak visits at least aN” +Ok sites. Finally, let 
k = k(E) be the smallest k such that bNdk < E. Now for one of sublattice of &, the path 
9 must visit at least L > b-‘N (i+i)k (distinct) squares. Let tl, . . . , tL denote the 
“times” at which the successive squares are first visited by the path and let 
(xi, yi), . . , (xL, yL) denote the corresponding points on these squares. Obviously, 
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there is some value of j for which tj+ I - tj < b- ‘N” +[jk G E while for all j we have 
I(xj+l, yj+ 1) - (xj, yj)l > Nek = [Const.] [E]‘“’ +‘I. 0 
4. A refined criterion that also implies [ > 0 
Although in principle the finite-size scaling criterion featured in Proposition 1 may 
be used in conjunction with actual calculations to prove the existence of a phase with 
long crossings, this is almost certainly a practical impossibility. Furthermore, as 
a technical tool, the “minimum path length” at the kth level suffers because, unlike 
typical devices in percolation theory, it is not monotone with the level of iteration. 
Specifically, if & + 1 c &, crossings in Ak+ 1 could skirt large-scale obstacles more 
efficiently than in Ak and it might well be the case that the shortest crossing in Al, has 
a longer resealed length than the shortest crossing in A,+ 1. In the next few para- 
graphs, some rather intricate machinery will be developed in order to circumvent 
these difficulties. The final result will be a quantity that by construction is transmitted 
to “future generations” and necessarily implies a minimum resealed length for cross- 
ing paths. This quantity will be used to construct a refined criterion which, after a bit 
of work (Lemma 2), is shown to imply the hypotheses of Proposition 1. Of crucial 
importance, in the context of the present work, is the fact that at the kth level, the 
refined commodity is non-trivial whenever there are no stiff (directed) crossings in Ak 
(cf. the Appendix for a precise definition of stiff crossings). In particular, then, the 
refined criterion is satisfied if the probability of a directed crossing in & tends to zero, 
Thus, ultimately, the absence of directed percolation for all Q < 1 implies that 
i(Q) > 0 for all Q E [QC, 1). 
Definition. Let & c nk. Then the square & is said to be traversed in Ak if there is 
a left-right crossing or a topbottom crossing of nk in Ak. Let &’ c /1i2’. Then the 
rectangle &’ is said to be traversed in A?’ if there is a top-bottom crossing of ni2’. 
An alternative notion of connectedness in Z2 is called star-connectedness or 
*-connectedness: Two sites are said to be +-connected if they are connected or their 
x and y coordinates both differ by one unit. As is well known, connectedness and 
*-connectedness are dual notions in the sense that the outer boundary of a connected 
cluster is +-connected and vice versa. Let c c n n+k denote any connected top-bottom 
crossing of !$, + k. The following construction, which will be referred to as k-tracking, 
uniquely associates a +-connected cluster of squares of side Nk to the path c. This 
cluster will be known as Kk;, (c) and may be constructed one square at a time. First, let 
us divide /L,,+k into a grid of squares, each of which is a copy of &. Starting at the 
beginning of the path - on the bottom of /I,,+k - let us move along the path until the 
first point is reached when a copy of & or A?’ has been traversed by the path. If 
a square was traversed, this square is the first square in Kkin(c). If a copy or a rotation 
of nL2’ was traversed, then let us say that the square containing the terminal point of 
the traversing portion of c is the distinguished box. At each stage, let us regard the 
current cluster as a +-connected subset of A,. Once the jth stage has been completed, 
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more of the path is investigated until a copy of /Ip’ or /Ik on the *-boundary (those 
boxes that share a side or corner with the current cluster) is traversed by the 
subsequent portion of the path. The freshly traversed box contributes a new “site” to 
the cluster in a fashion similar to that described above, thus defining the cluster at the 
j + 1st stage. This procedure is implemented until the path is exhausted. Denoting the 
number of squares and rectangles that are ultimately traversed in this fashion by 
IKk;n(~)I - the number of boxes in the cluster - it is clear that for any c as described, 
I&;n(c)l 2 N”. 
Of course k-tracking can be defined, in the same fashion, for any path; in particular, 
the need will arise to consider the k-trackings of paths traversing 2 x 1 (and 1 x 2) 
rectangles. However, the notation J&(c) will be used without any particular reference 
to the geometry of the box that contains c or to the direction of the path c. 
Let A, c (i, denote a configuration. Let Fk;,(A,) denote the configuration in 
Q n+k which, starting from the configuration A,, achieves full retention on all of A, for 
the next k iterations. The event (P,,(R) with R 3 1 defined as the set of configurations 
A, such that for any k, any path c in the configuration Fk;,(,4,) that traverses An+k will 
have, for its k-tracking, 1Kk;n(c)l 3 RN”. The notation 5$.3:‘(R) will be used for the 
analogous events in configurations A:’ where the attempt is made in #;(A?‘) to 
traverse /irlk. A closely related event ZZ,(R) 3 v,,(R) is defined by the statement that 
for all k, all paths in Fk;n(A,) that traverse n,+k have length exceeding RN”+k and the 
event L’:“(R) is defined similarly. In all cases, it is understood that relevant events are 
satisfied in configurations A, and A:’ that permit no crossings of the necessary type. 
It is intuitively obvious that if there are no stiff crossings in A,, then the event 
‘!I& (1 + hN -“) has occurred for some h that is of the order of unity. Unfortunately, the 
currently offered proof of this simple statement is more intricate than might have been 
anticipated and thus will be postponed to the Appendix. However, on the basis of this 
fact and Lemma 2 below, the result that the phase with long crossings occurs 
whenever there is “non-directed precolation” is readily established. 
Lemma 2. There is a number to such that if for any E < Ed. R > 1 and m < co, 
~QC%WI 2 1 - E 
and 
PaWj12)(R)] Z 1 - E, 
then for any S, 
lim Pe [II:'(S)] = lim PQIZI,(S)] = 1. 
m+m m+a! 
Proof. The above will be established by demonstrating that under these circumstan- 
ces, the following holds: Let 6, denote any decreasing sequence in (0, So] with 
lim ,_,m 6j = 0 and a0 a conveniently chosen number to be described later. Then, under 
the stated hypothesis, there are sequences mj -+ co and gj + 0 - the former being 
integers and the latter being numbers in (0, 1) - and an f also in (0, 1) such that if, for 
any number Rj, n,(Rj) and ZIzj’(Rj) both have probabilities in excess of 1 - 6j, then 
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P~[D,,+,(R~+,)] > 1 - dj+i - and similarity for PQ [ngy,(Rj+i)] - where 
Rj+l = Rj[l + (R - l)(l -f) - g,R]. (16) 
In Eq. (16), it may be assumed that for all j, gj is small enough so that the coefficient of 
Rj on the right-hand side exceeds unity. 
The preceding statement will be verified at the j + 1st stage, under the assumptions 
in the statement of this lemma and the stipulation that it already holds at the jth stage. 
For the benefit of this portion of the argument, all the sub-subscripts will be dropped. 
There is no difficulty in assuming that RI = 1, so that (under the stated assumptions) 
the conditions needed to start things off are certainly satisfied. Needless to say, if the 
statements in the previous paragraph hold then the result stated in this lemma is 
established. 
Thus, let us assume that for some number H, P, [II,(H)] and P, [Il(,2'(H)] exceed 
1 - 6 with 6 < & and, further, that PQ[‘$?,(R)] and PQ[‘$~2'(R)] exceed 1 - E with 
E < E,,. Let 6’ < 6. The initial step is to look at the lattice A,,,, and define an event, 
denoted by Z,,,(H), that, like the “sealing” events in Proposition 1, may be envisioned 
as taking place below the first II iterations of the process, reflecting the presence or 
absence of sites that ultimately may be sitting within large-scale vacancies. Let us 
therefore regard A, + ,,, as an N” x N” array of copies of A,. The event E,,,(H) is 
simply that in every one of these copies of A,, the analog of the event L!,(H) occurs, 
and in every neighboring pair of n,‘s, the analog of IZ(,2)(H) occurs. On the basis of 
our assertions, it follows that 
pQ [% m (H)] 2 1 - 36N2”. (17) 
Notwithstanding the factor of N”‘, the right-hand side of Eq. (17) should be regarded 
as close to one. 
Next, let us consider the consequences of the intersection of Zn,,(H) and 'QJR). For 
reasons that will become clear, this will be denoted by Ii'z+,,(H, R): 
nZ+,AH, R) = %dWnWR). (18) 
It is claimed that IZ* ,+,(H, R) c IZ,+.(HR). (And this inclusion is the only use that 
will be made of the events ZI,*+, .) To see this, let p > 0 and consider the lattice 
A n+m+p which has as its backdrop the lattice A,,,. Suppose that A,,,,, c A,,,,, 
is p further iterations of a configuration A, +,,, E IZ~+,(B, R). Because of the event 
‘@,(R), the m + p-tracking of any traversing path in A,,,,, produces at least RN" 
boxes of scale N"' f p that either are traversed by the path or are half of 
a (2Nm’P x Nmip ) rectangle that was traversed by the path. Since II,(H) or n:'(H) 
occurs in each and every such box, the implication is that the total length of any 
traversing path in A,+,+, (if indeed there is one) is at least BRNm+"+P which is the 
desired claim. 
Unfortunately, the estimate on PQ[L'z+,(H, R)] stands at (1 - 36N’” - E). If it is 
envisioned that 6N2” < E (a condition that, to some extent, defines the quantity 6,) 
this represents a significant degradation over the bound on II,(H). Hence, these 
events will not be unleashed until a little later in the construction, but in the 
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meanwhile let us reiterate the procedure for the benefit of the 2 x 1 rectangles, defining 
a s(2) n *2 U”,?n, ..’ 9 min and for the time being hold these objects in reserve. 
To improve on the probabilistic estimate, it is again necessary to go to larger scales 
and sacrifice a fraction of the gains. However, unlike the previous simpler arguments 
used in Proposition 1, here two tiers of lower scales must be used at each stage of the 
construction. Let us therefore consider the lattice A,+,,,+* with r large as later needs 
will dictate. As in the previous derivation, this may be envisioned as the “lattice” 
il, where at each “site” there is a copy of A,,, +n. Let c c ilr+m+n denote a traversing 
path. Then, as discussed earlier, K,+,;,(c) appears as a cluster in A,.. 
Let X(Y) denote the collection of all such clusters in A,. For K E X(r) let us 
consider two related decreasing events. The first is denoted by $ (K;f; $Jn (R)) and, for 
purposes of clarity, will be described as a subset of Sz,“,. Similarly the second event, 
which will be denoted by 9 (K; g, Z,,, (B)), may be described as an event in Q,“;,. 
(Since both of these events turn out to be decreasing, these descriptions are justified 
as another “worst-case conditional scenario” - although again this is somewhat 
wasteful.) 
Let s E K and let us assume, for ease of exposition, that s is in the interior of A,. The 
image of s in A,,, is a copy of A, where an event like (P”(R) might take place. In 
addition, “s” borders on four other squares and all of the four possible pairings 
constitute a 2N”x N” rectangle where an event like ‘$3:‘(R) might occur. Let 
gS 3 gS((Pn(R)) denote the event that all five of these ‘$-type events occur (with the 
appropriate modifications ifs is near the boundary of A,). Observe that FS actually 
takes place on a “plus” centered at the site s. The event Ic/ (K;f; ‘Q,(R)) is defined by the 
property that in a fraction exceeding (1 -f) of the pulses in A,+,, corresponding to the 
cluster K, the associated F-events have occurred. The event S(K; g, E,,,(B)) follows 
from an almost identical definition: here it is the intersection of five &,-type events in 
a “plus” centered at s that defines the event G,(Z”,,,) and 9(K; g, Z,,,(B)) is the event 
that a fraction exceeding (1 - g) of the pulses associated with the cluster K exhibit the 
G-type event. 
Clearly, for each s E K, the probability of FX exceeds 1 - 5s. Unfortunately, these 
events are not independent and hence it is once again necessary to resort to sublatti- 
ces. Consider the five equivalent tilings of 2’ by pluses, one of which is depicted in 
Fig. 2. Among the pluses of a given tiling, the g-events are obviously independent. If 
the event II/(K;f; ‘p,(R)) fails, then on at least one of the five sublattices, there must be 
at least ff[Kl pluses centered on sites s of the cluster within which the events RS fail. 
This gives 
where JKil denotes the number of sites of K in the ith tiling. However each of the five 
terms on the right-hand side of Eq. (19) is bounded by v](~E, ff; IKl) where the 
function q(-, -, -) was defined in Eq. (4). 
Next, consider the event 
‘J’(r,f; ‘$3)) = fi Ilr(KJ; ‘S,(R)). 
K E .X(r) 
(20) 
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Origin of 
coordinates 
c 
Fig. 2. A tiling pf Z* by plus 
The quantity Pe [ !P(r,f, 5&(R))] may be estimated along the lines of the arguments in 
Proposition 1. Explicitly 
(21) 
where J”:(L) is the number of geometrically distinct clusters in the collection X(r) 
that are of size L. Since each cluster K is actually a *-connected cluster, it follows that 
&t’“,?(L) is bounded above by [A’*(L)][N2’] where ,V*(L) is the number of sr- 
connected clusters in Z2 that contain the origin. As is well known, the latter grows 
asymptotically as A-*(L) - eBr. for some (finite) constant p. With this replacement in 
mind, the sum bounding 1 - P, [ul(r,f, 5&(R))] starts at IK( = N2’ and may as well 
continue indefinitely. 
Finally, we are in a position to define sO. Let us consider a fixed reference value of 
the bad friction, e.g. fO = $=J Recall from Eq. (14) the definition of y(-, -) and let sO be 
defined by ;1(.5c,, +f,) = fl. Then it is clear that if (-: < co and f>fo, the sum in Eq. (21), 
with .,1“:()Kl) replaced by N2*. l”*(IKI) and no upper limit on [I((, converges. 
Supposing, then, that E < e. and f3f0. Then, as is easily seen, if r ---f co, the lower 
bound on P, [Y (r,f, ‘$3,(R))] implied by Eq. (21) tends to one. Let us therefore 
proceed until an r is reached beyond which the lower estimate always exceeds 1 - i 6’. 
Now let us instigate a similar routine for the objects 9(K; g, Z,,,(H)). Here the 
fundamental probability, 1 - cN “‘6 (where c is an irrelevant constant), is presumed to 
be much closer to unity than the counterpart 1 - c and hence it is reasonable to strive 
for a more significant fraction (1 - g). Thus, defining 
@(r, 9, %,.m(~)) = (-) W; g> %,,W)L (22) 
K E .f (I) 
let us now assert that 6, is small enough so that by using a g = g(6) small enough to 
ensure that (1 + (R - I)(1 -f) - gR) > 1, it is still the case (to be concrete) that 
~(cN~“6, :g) is larger than the previously discussed y. In this case, 
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PQ C@ (f-2 9,~“. m (H))] enjoys a lower bound identical to the lower bound for 
PQ[Y(r,.A ‘$$(R))] that results from Eq. (21). 
Thus, for r sufficiently large, it can now be assured that 
@ (r, 9, $ m (H))n Y (r,f; ‘$3,(R)) occurs on A,. with probability larger than 1 - 6’. Let 
us consider the consequences. Let p > 0 and suppose that c is a traversing path in 
a configuration A, + n + ,,, + p E 0 (r, g, Zn, ,,, (H))n Y(r,f; q,(R)). Consider the IZ + m + p- 
tracking of this path that yields the cluster Km+n+p;r(~). Each box in Km+n+p;r(~) that 
has both types of events -i.e. the old IZZ,, events - displays a length of path of at least 
[BR][N”+“+P ] steps. Further, those boxes with only the Z-type events display at 
least BN”+“+J’. Denoting the first fraction by v and the second by p, ignoring the 
contribution from all the other boxes of Km+n+pzr(~), and assuming that 
IK m+n+p;r(~)( = IV, it is seen that 
IcJ 3 N’[vBRN”+“+~ + @UV”+m+P]. (23) 
Now by the working stipulation, v + p 3 1 - g so Eq. (23) may be rewritten as 
ICJ > BN’+“+“+P [v(R- 1)+ 1 -g]. (24) 
Butv31-f-gso 
JCI > BN’+“+*+p CR0 -f- 9) +fl. (25) 
Evidently, the event 0 (r, g, E,,, (B))n Y(r,A VP,(R)) implies the event ZZr+m+n(B’) 
with B’ = B[R(l -f-g) +f] = B[l + (1 -f)(l - R) - gR]. After a reinsertion of 
the indices, this proves half of the stated claim. 
The other half is achieved by the construction of a ZZEi,,+, with similar properties 
and this is done by following (essentially) the same procedure. The ultimate r that is 
chosen is the smallest one that insures that both probabilities exceed 1 - 6’. Having 
done this, all claims made at the beginning of this proof are established and the lemma 
is proved. 0 
Corollary. If the hypothesis of Lemma 2 is satisfied then the hypothesis of 
Proposition 1 is also satisjed. 
Proof. This is almost a tautology except for the fact that the output of Lemma 2 is 
2 x 1 rectangles and squares that contain “long paths” (or no path at all) while the 
input for Proposition 1 requires similar properties in 3 x 1 rectangles. However, 
pasting two copies of the event II:‘(S) into the left and right $ of a 3 x 1 rectangle 
along with a 90” rotation of a n,,,(S) in the central square implies the event 17k3’(S). 
(Any bottom-top crossing of a 3 x 1 must either stay inside the left $ or the right $ or 
traverse the center square.) Thus, for any S, lim,,, Pe[17z’(S)] = 1, which is suffi- 
cient material to get Proposition 1 started. [7 
Theorem 3. For all Q E (0, l), with probability one, the limiting set A, of the fractal 
percolation process does not poseses rectifiable curves. In particular, if Q > QC, there is 
a [ (Q) > 0 such that no left-right crossing path in A, has a Halder exponent in excess of 
[1 + i(Q)]-‘. 
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Proof. This follows directly from Lemma 2, Proposition 1 (and their corollaries) along 
with the fact proved in Lemma A (and its corollary) in the Appendix below that the 
conditions required for Lemma 2 are satisfied for all Q < 1. 0 
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Appendix 
The primary result that remains to be established is that when squares or rectangles 
fail to exhibit directed crossings, the appropriate v-type events, with argument 
exceeding one, occur. Let us start with a definition: 
Definition. Let c = (x1, yl), . . , (xM, yM) be a self-avoiding path in Z2. Then c is said 
to be a stifJ’(or directed) path if x. , + 1 > Xi for all i. There is a similar concept that is the 
90” rotation of the preceding; in this appendix, the relevant notion will be clear from 
the context. 
Lemma A. Let A, c A,, be a conjguration in which there is a left-right crossing but no 
left-right stifS crossing. Then for p > 0, in any A,,+,, c A,,, the event ‘$3,,+,(R) occurs 
jtir some value R z 1 + :N-” > 1. A similar statement holds for 2 x 1 rectangles. 
Proof. This will be explicitly proved in the case of the left-right crossings of a square; 
the 2 x 1 case is proved in the same fashion. Let .Y c A,, be any self-avoiding path that 
crosses the square from left to right, assumed, without loss of generality, to have only 
a single site in each of the lines x = 0 and x = N”. Then, as is well known, the 
intersection of the path with the lines of sites x = const. always has an odd number of 
components. If the path is non-oriented, then for at least one i with 0 < i < N”, the 
intersection of Y with the line x = i has at least three components. Suppose then that 
A, has a crossing but no stiff crossing and let An+,, c A,. To account for the “worst 
case”, it must be assumed that no further vacancies have been introduced (i.e. 
A n+p = F[,:,(A,)). Letting k > 0, our goal is to show that in the k-tracking of any 
(’ c &;n+p(4,+p)(- 4 + ,;,,(A,)), there are at least R boxes of scale Nk in Kkzn + r(c) 
where the unit scale is now set by the spacing on A,, +tp +k. 
For c c Fkin + ,, (A,+p), let B,(c) c A, denote those sites in A, whose “images” are 
intersected by the path c. Since the path c is connected, it follows that B,(c) is 
connected. Thus, by examining any path 9 c B, that connects the left and right sides 
of A, and using the fact that B must be a non-directed path, it follows that there is an 
i with 0 < i < N” such that the path c has two points in the vertical 
region (i - 1) Npfk < x d iNpfk separated by a vertical distance of at least 3Npfh. 
Next, let us make the following elementary observation concerning the 
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k-tracking of c (or any other path): Any point in the path is either in ZQn + P(c) or it is 
in one of the Nk x Nk boxes that share an edge or a corner with one of the boxes in 
Kk;, +P(c). (Otherwise, the intervening box would have been traversed.) Thus, there 
must be two squares in Kk;,, +p (c) that are within a distance Nk of the above- 
mentioned pair of points on the curve. These may be denoted by the u-box and the 
b-box. For the remainder of this proof, the object Kkin+ p(c) will be regarded as 
a *-connected cluster in A, +P. The aforementioned “sites” will be denoted by a and b, 
and the task before us is to demonstrate that ( Kk;n + p(c)J > RN" fp. Let us summarize 
the constraints concerning the cluster Kk;, +p(c) c An+p. 
(i) It is a k-connected cluster that k-connects the left and right edges of ,4n+p. 
(ii) In the region (i - l)NP - 1 < x d iNP + 1, there are two sites, a and b in Kk(c), 
separated by a vertical distance at least as large as 3NP - 2. 
It is claimed that any cluster satisfying constraints (i) and (ii) above must contain at 
least the requisite number of sites. 
Let A, and Ab denote the boxes of side NP - assumed odd for convenience - with the 
sites a and b at their respective centers. Let t c Kkin + p(c) be any +-connected path 
that crosses JI”+~ from left to right. Either t visits both of the boxes A, and A, or it does 
not visit at least one of them. Suppose that t visits both, say first A, then Ah. Then, by 
noting that the separation between the boxes is at least 2NP - 4, the portion of the 
path outside the boxes contains at least [2NP - 41 + (N” - l)NP - (N” + 1) sites. 
Adding to this an additional (NP + 1) sites to account for the fact that a and b are in 
the cluster Kk;, + p (c) (and therefore have to be connected to the boundary of their 
d-boxes) a total of N”NP[l + N-“(1 - 4NmP)] sites have been produced in this case. 
Finally, let us assume that t fails to visit e.g. A,. Then using the fact that 1 t ( B Nn+p 
and the fact that some other part of the cluster Kk;, + l(c) must connect the center of 
A, with its boundary, it follows that 1 Kkin +p(~)/ > Nnip + i[N” + 1). 0 
Corollary. For any Q E (0,l) and any E > 0, there is an R > 1 such that 
lim,, a3 PQ[‘$,,(R)] and lim,,, Pa[‘i@,f)(R)] exceed 1 - 6. 
Proof. For Q < Qc, this is trivial. For 1 > Q > Qc, this follows directly from Lemma 
A and the result proved in Chayes (1995) that the probability of observing a stiff 
crossing in A,, or for that matter in any AA”“, tends to zero as n -+ co. 0 
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